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Abstract. Every tame, prime and alternating knot is equivalent 
to a tame, prime and alternating knot in regular position, with a 



OO 
O 

o 

common projection. In this work, we show that the Dehn presen- 

u' 

Oh 1 tation of the knot group of a tame, prime, alternating knot, with a 



regular and common projection has a finite and complete rewriting 
system. Although there are rules in the rewriting system with left- 
hand side a generator and which increase the length of the words 

O' 

we show that the system is terminating. 

-I— > 



> ■ 1. Introduction 
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In [2], we showed that the augmented Dehn presentation of the knot 

O ' group of a tame, prime, alternating knot in regular position, with a 

00' 

common (elementary) projection [7J p. 267] has a finite and complete 
jH ■ rewriting system (with no need of completion) and this result holds also 

for alternating links satisfying our assumptions. We showed there that 
there are exactly two such rewriting systems and we gave an algorithm 
which finds them. This was carried out using graph theory, applied 
to the projection of the knot and to the projection's dual graph. In 
this paper, we use one of the complete rewriting systems for the aug- 
mented Dehn presentation of the knot group to find a finite and com- 
plete rewriting system for the Dehn presentation. The same process 

can be applied on the second rewriting system. 
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The main idea is that we can divide the generators in the Dehn presen- 
tation of the knot group and their inverses in two disjoint sets, called 
the sources and the sinks. This division of the generators is derived 
from the algorithm which finds the complete rewriting system for the 
augmented Dehn presentation of the knot group and it permits us to 
compare the words in the free group generated by these generators in 
an efficient way. 

We will describe in some words the way we do this and we refer the 
reader to section 2 for more details. If K is a knot and p(K) its pro- 
jection on i? 2 ,then p(K) is said to be common if the boundaries of 
any two distinct domains have at most one edge in common and each 
crossing is on the boundary of exactly four distinct domains [3112] 
p267]. In the Dehn presentation of the knot group (the fundamental 
group of R 3 \ K) the generators are the domains of R 2 \ p(K), labelled 
by xq,xi, ...,x n , starting with the unbounded domain (see Fig.l). The 
relations arise from the crossings: at each crossing, four distinct re- 
gions x a ,Xb,x c ,Xd meet and the relation arising from this crossing is r: 
x a XbX c Xd = 1, where x denotes the inverse of x. 
The Dehn presentation of the fundamental group of R 3 \ K is < 
xo, Xi, ...,x n I ri, r n _i, xo > where each r m has the form XiXjXkXj = 1 
with Xi,Xj,Xk,Xi generators and the augmented Dehn presenta- 
tion is the Dehn presentation with the relation {xq = 1} deleted, i.e 
< xq, X\, x n I ri, r n _i >. 

Weinbaum in [9] showed that the augmented Dehn presentation given 
by K presents the free product of the knot group tt(R 3 \ K) and an 
infinite cyclic group. 

The way to divide the generators in the two disjoint sets of sources 
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and sinks can be described easily as follows: choose £ to be a source, 
then all its neighbours will be sinks and so on iteratively. Next, if 
Xq is a source, then x~o is also chosen to be a source and the same 
holds for all the generators. This process is consistent, since when the 
knot projection is regular a chess-boarding colouring of the domains 
is possible (a regular knot projection is a planar graph in which every 
vertex has even degree 4). The generators are then renamed according 
to their being a source or a sink: if is a source then it is renamed 
and if sink then it is renamed t* and the relations and the rules 

are "rewritten" accordingly For the eight knot group, if xq and xq are 
sources, then x\, x 2 , £3, xi, x~2, £3 are sinks and £4, £5, £4, £5 are also 
sources (see Fig.l). So,the main result of this paper can be stated as 
follows: 

Theorem. Let K be a tame, prime and alternating knot with a regular 
and common projection. Then the Dehn presentation of the knot group 
of K has a complete and finite rewriting system. 
We shall denote this rewriting system of K by dt" . 

Example: The augmented Dehn presentation of the eight knot 
group (see Fig.l) 

< s , h,h, *3, S4, s 5 I tisot2~sZ, t 2 s^t3~sE, hsEtss^, t 2 sEt{s^ > 

In Section 2, we give some definitions concerning rewriting systems. 
Then,we give a brief survey of the results obtained in [2J and refer 
the reader for more details. In Section 3, we find a rewriting system 
5R 7 for the Dehn presentation of the knot group and show some of its 
properties and then we find a rewriting system dt" which is equivalent 
to 3?'. In Section 4, we show that the rewriting system 3?" is complete. 

3 



The main difficulty is to show that it is terminating, since there are 
rules in 3ft" which increase the length of the words. In this paper, 
we shall assume that knots are : tame, prime and alternating 
with a regular and common projection. 

Acknowledgment. / am very grateful to my supervisor Professor 
Arye Juhasz, for his patience his encouragement and his very useful 
and judicious remarks on this paper. 

2. Preliminaries 

2.1. On rewriting systems. The terminology in this section is from 
PP and [1]. Let E be a non-empty set. We denote by ^*the free 
monoid generated by Ei elements of E* are finite sequences called 
words and the empty word will be denoted by 1. The length of the 
sequence is called the length of the word w and is denoted by £(w). 

Definition. A rewriting system 3ft on E is a set of ordered pairs in 

E* x E* ■ 

// {l,r) e 3ft then for any words u and v in E*\ we sa U the word ulv 
reduces to the word urv and we write ulv — > urv . 

A word w is said to be reducible if there is a word z such that w — > z. 
If there is no such z we call w irreducible. 

A rewriting system 3ft is called terminating (or Noetherian) if there 
is no infinite sequence of reductions w% — > W2 — >• ... — > w n — >• .... 

3ft is called locally confluent if for any words u, v, w in E* > w ~^ u 
and w — > v implies that there is a word z in E* such that u ^* z and 
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v ^* z, where " — >* " denotes the reflexive transitive closure of the 
relation " -> " . 

We call the triple of non-empty words u,v,w in an overlap am- 
biguity if there are r 1; r 2 in J^* such that uv — > r x and vw — > r 2 are 
rules in 9ft. We then say that r\w and -ur 2 are the corresponding criti- 
cal pair. When the triple u, v, w in J2* i s an overlap ambiguity we will 
say that the rules uv — > r\ and f w — > r 2 overlap at t> or that there 
is an overlapping between the rules uv — » n and ftu — > r 2 . If there 
exists a word z such that riw — >* z and wr 2 ^* z , then we say that 
the critical pair resulting from the overlapping of the rules uv — > r\ 
and vw — >■ r 2 in 3ft resolves. 

The triple w, v, w of possibly empty words in J2* * s called an inclusion 
ambiguity if there are r 1; r 2 in J^* (which must be distinct if both 
u and w are empty, but otherwise may be equal) such that v — > ri 
and ittJtu — * r 2 are rules in 3ft. We then say that uriw and r 2 are 
the corresponding critical pair. If there exists a word z such that 
ur\w — >* z and r 2 ^* z , then we say that the critical pair resulting 
from the inclusion ambiguity of the rule v — > r\ in uvw — >■ r 2 in 3ft 
resolves. 

3ft is called complete (or convergent) if 3ft is terminating and locally 
confluent or in other words if 3ft is terminating and all the critical pairs 
resolve. So if 3ft is complete then every word m; in ^* has a unique 
irreducible equivalent word z, which is called the normal form of w. 

We say that two rewriting systems 3ft and 3ft' are equivalent if: w\ ^* 

W2 modulo 3ft if and only if w\ u> 2 modulo 3ft', where denotes 

the equivalence relation generated by — > . 
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We call a rewriting system 3ft reduced if for any rule / — > r in 3ft , r is 
irreducible and there is no rule I' — > r' in 3ft such that /' is a subword of 
Z. If 3? is complete then there exists a reduced and complete rewriting 
system 3ft' which is equivalent to 3ft [BJ. The reduced rewriting system 
3ft' which is equivalent to 3ft is obtained in two steps: (1) whenever 
/ — > r is a rule in 3ft and r is not irreducible we reduce r to its normal 
form. (2) whenever I — > r, I' — ► r' are rules in 3ft and i' is a subword of 
I we remove from 3ft the rule I — > r. 

2.2. Preliminary results. Let G be a group presented by < X \ R >, 
where X is a set of free generators {x , xi, x n } and R the set of 
relations. In order to define a rewriting system for G, we have to 
consider the monoid presentation ofG, < X U X | R U Rq > , 
where X denote the set {xq, ...,~x^} and Rq = {x 1, with 

i G {0, 1, n}}. The symmetrization process on a relator r is the 
following process: we consider all the relations which can be obtained 
as consequences of r, r and all their cyclic permutations in a group and 
we define S(r) to be the minimal set of relations from which all the 
other relations can be derived in the monoid. Example: if r : ab — 1 
where a, b e X U X then we obtain from the symmetrization process 
the set of relations {ab = 1, ba = 1, ba — 1, ab — 1, b — a, a — b} and 
S(r) = {a = b,b = a}. 

We refer the reader to [2] where this process is done in detail for the 
relations in the knot group and also to [6]. In what follows, we will 
state results from [2] without proofs. 

Remark 2.1. For each relator r m : XiXjXkXi = 1, the set S(r m ) is the 
following set of relations: 
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XjXfc X\X\ 
XkX[ XjXi 
X\Xi XfcXj 

The set of relations R', which is the union of the sets {S(r m )} for 1 < m 
< n — 1 is equivalent to the set of relations R = {r m \ 1 < m < n — 1} 
for a knot group G, satisfying our assumptions and the problem is 
then how to orientate the relations in R' in order to define a rewriting 
system. 

Example: the set of relations R' for the figure-eight knot 
group 



S^ti 


= hs 4 


s t 2 


= t 3 s 5 


s 0^3 


— tl$5 




— ^2 S 5 


s 0^2 


= hS4 




— ^2 S 5 


S ti 


— h s 5 


~sit 2 


— tl s 5 


S 4 t 2 


— ti s o 


5 5^3 


— ^2^0 


Sr,tl 


— h s o 


s^t 2 


= tisl 


S4h 


= t 2 s 


Sp2 


= t 3 S 


Sp3 


= hso 




= t 2 Si 



Using the fact that all sides of relations in R' have length 2, we defined 
a graph A, called the derived graph, in the following way: 

• The vertex-set is the set X U X. 

• For a, b in X U X, there is an oriented edge a — > b n A, if there 
is a relation in R' such that the word ab is one of its sides. 

Example: The derived graph A for the figure-eight knot (see 

Fig.2) 

A subgraph A of A is said to be an antipath in A, if each vertex of 

A is a source or a sink in A. The number of edges in this set is called 

the length of the antipath. Multiple edges (oriented the same) are not 

allowed in an antipath. An antipath need not be connected and an 
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equivalent definition of an antipath is that no oriented path of length 
2 occurs. An antipath A in A of length half the number of edges in 
A will define a rewriting system with no ambiguity overlap between 
the rules in the following way: all the edges in A will be the left-hand 
sides of the rules and all the edges in the complement of A will be the 
right-hand sides of rules. 

Example: An antipath in the graph A for the figure-eight knot 

(see Fig. 3) 

It holds that A, the derived graph, is the disjoint union of two Eulerian 
closed paths of even length in which all the closed paths have even 
length. And as such, A admits two disjoint antipaths, each of length 
half the number of edges in A, which define a finite and complete 
rewriting system (with no need of completion). We will describe the 
algorithm to find one of the two antipaths A, the one we will work with 
in this paper: choose xq and xq to be sources in A, which means that all 
the edges going out of xq and x~o will belong to A and this will determine 
A completely (in an iterative way). In fact, by having a glance at the 
knot projection , one can see immediately for each pair (xj,x7) if these 
are sources or sinks in A : in the example of the figure-eight knot if x 
and xq are sources in A then x±, x± ,X2, x~2, X3 and X3 are sinks in A 
and X4, X4, X5,x~5 are also sources in A (by a chess-boarding effect). We 
rename the generators according to their being a sink or a source in 
the antipath A: if the generator x* is a source it is denoted by s* and 
if the generator x, is a sink it is denoted by t. . We will denote by 3? the 
rewriting system defined by the antipath A, with the rules "rewritten" 
accordingly. 
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Example: The rewriting system 3? for the figure-eight knot 
group: (see Fig. 3) 

Soil — > £2*4 So^2 ~~ > ^3 S 5 50^3 — > tiS 5 S^ti — > t 2 S§ 

■§0^2 - *• ti$4 S t 3 —>■ t 2 S 5 inet^s 5 S ^ 2 ~^ ^ lS ^ 

S42 -> *lS0 S 5 t 3 -> t 2 S^ S 5 ti -> t 3 S0 S 5 t 2 ~> *lS4 

Si^i -> t 2 S S^ 2 -> ^3S0 55^3 -> Mo ^1 ~ ► *2«4 

5^57 — > 1 i = 0,4,5 s7Sj — >■ 1 i = 0,4,5 

ijjij^ ^ 1 ^ — X^ 2,. 3 ^ 1 % — X^ 2^ 3 



Remark 2.2. E'ac/i sei S(r m ), with r m : XiXjXkXi, gives the following 
set of rules in dt if Xi, Xk,Xi,Xk are sources and Xj, xi,Xj,xj are sinks 
in the antipath A which defines dt: 

(1) Sitj -> t{Sk 

(2) Mi -> tjS k 

(3) s k Ti -> t,s~ 

(4) s^- -> t^s; 

If Xj,xi,x],xi are sources and X{, Xk,xi,Xk are sinks in the antipath A, 
then a set of rules of the same kind is obtained. Note that since Xq 
and Xq are sources in A, xq and Xq will appear as the first letter of the 
left-hand side of a rule or as the last letter of the right-hand side. 

3. DEFINITION OF A REWRITING SYSTEM 3?' FOR THE DEHN 

PRESENTATION 

3.1. Definition of ffi. We will use in what follows some tools devel- 

opped in [9]. Let K be a tame, prime and alternating knot whose 

projection is regular and common. Let us denote the knot group 

ti(R 3 \ K) by G and assume its Dehn presentation is < x ,Xi, ...,x n \ 
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rx, ...,r n _i,x >. So H , the group presented by the augmented Dehn 
presentation of 7r(i? 3 \ K ) is < x , xi, x n | r 1 ,...,r„_ 1 >. Let 3? be 
the complete and finite rewriting system for H obtained in the previ- 
ous section. Let F be the free group on n+1 generators Xq,Xx, ...,x n . 
Let $ be the endomorphism of F determined by: $(a?o) = 1 and 

= Xj, 1 < j < n. 
Then G ~< x u ...,x n \ $(r x ), $(r n _i) >. 

In order to define a rewriting system 9ft' for G, we need to apply the 
symmetrization process on $(r m ) , for 1 < m < n — 1 and to add of 
course the relations 1 for 1 < % < n. 

We recall that each relator has the form: r m : XiXjXkXi, so if none of 
the indices i, j, k, I is then $(r m ) = xiXjXkXl and the symmetrization 
process applied on $(r m ) gives the set of relations S(r m ) (see remark 
12. ip . If one of the indices is 0, assume i = 0, then $(r m ) = WjXkXj and 

the symmetrization process applied on $(r m ) gives the following set of 

^ ci ^ x i — x j x ^ ^ d/^ x i — x x j 
relations, denoted by 5($(r TO )): (b)xj = x k x[ (e)x~ = x{x^ 

(c)xT = XlX~j (f)x k = XjXi 

We denote the relations 1 for 1 < i < n by (0), 

and these relations will belong to all the sets of relations we 
will consider, even if we don't mention this explicitly. We will 

work all along with the assumption that i = 0, where i is the index of 
the first letter in $(r m ). Clearly, there is no loss of generality in doing 
this. 



Now, let reverse the order of the operations on a relation r m , i.e. first 
making the symmetrization process to obtain S'(r m )and then applying 
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$ on both sides of the relations in S(r m ). The set of relations obtained 
will be denoted by $(S(r m )). If none of the indices k, I in r m is 
then $(S(r m )) = 5($(r m )) = S(r m ) and if i = then $(S((r m ))) is 

X i — Ob j Ob fa OC i — OC fcOb j 

the following set of relations: which correspond 

Xj X k X[ Xj X[X k 

respectively to the relations (a), (b), (d), (e) in S($(r m )). 

So, by reversing the order of the operations we lost the two relations 

(c) : x~k — xix] and (/) : x^ = XjX\. Yet, we will show that the equiva- 
lence relation generated by $(5'(r m )) is the same as that generated by 
S($(r m )) and that in fact it is sufficient to consider an even smaller 
set of relations. 

Claim 3.1. The equivalence relation generated by the following set of 

(l)xi = x]x k 

relations, denoted by $ m : (2)xj = XkXl is the same as that generated 

(3)z£ = xl~x] 

by$(S(r m )) and 5($(r m )). 

Proof. First, the relations (d), (e) and (/) can be derived from the re- 
lations (1), (2), (3), (0) in the following way: 

(d) : x~kXj = Tk(xkXi) = x~i by using (l)and then (0) 

(e) : xixjl = (x]Xk)xk = x] by using (2) and then (0) 

(/) : XjXi = (x k xi)(x~x k ) = x k (xix~)x k = x k {x^)x k = x k by using 
(1),(2),(3),(0). 

So, the equivalence relation generated by S($(r m )) is the same as that 
generated by $ m . 



It remains to show that the relation (3) can be derived from the relations 

in $(S(r m )): (3) is obtained from (d) or (e) in one of the following ways: 
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from (d): xi~x] = (x~kXj)x~j = X/T or from (e): xj~Xj = x~i{x{Xk) = X/T. 
So, the equivalence relation generated by $(S(r m )) is the same as that 
generated by $ m . □ 

In order to define a rewriting system 3?' for G, we have to orientate 
the relations in $ m , for 1 < m < n — 1. Here, the complete rewriting 
system 3? found for H plays an important role: we will orientate the re- 
lations in <3> m in the same way as the corresponding relations in S(r m ). 
When xq does not appear in the relation r m then things are clear since 
$m = S(r m ) but when x appears in r m then we have to recover for 
each relation in <3> m what is the corresponding relation in S(r m ). It 
seems to be a hard task but in fact it is not, since we know exactly how 
rules look like in 3? and these are described in remark I2~2l So, one can 
see immediately that the relation (3) in <3> m does not correspond to any 
relation in S(r m ) and one can guess that the relations corresponding 
to (1) and (2) in S(r m ) are respectively TqXi = x]Xk and XjXo = x^x[. 
Since Xo,Xo are sources in the antipath A which defines 3?, we have 
that are also sources and Xj,T],xi,xi are sinks in A. So, in 3? 

these relations are orientated s^ti — > tjS k and SkU — > tj~So respectively 
(see remark \2.2\) . Since we want to orientate the relations in $ m in 
the same way as the corresponding relations in S(r m ), we orientate the 
relations (1) and (2) in the following way: 

(1) : ti -> t~s k 

(2) : s k Ti -> tj 

The following orientation is chosen for the relation (3) in $ m : 

(3) : U tj -> ~Sk~ 

We will denote this set of 3 rules by $ m . 
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The rewriting system 3?' for G is the union of the following sets of rules: 



none of the indices 


one of the indices 




S%tj ^ t[Sk 
&itl ^ tjSfc 
Sk^l tjS{ 


(1) : U -> tjS k 

(2) : s fc ^ -> 

(3) : ^ -> 


(0) : ^ 1 
(0) : s7Sj -> 1 
(0) : UU -> 1 
(0) : -> 1 



Remark 3.2. There is a rule in 3?' whose left-hand side is a sink t 
with positive exponent if and only if this t is connected by an edge to 
Xq in A, i.e it corresponds to a neighbouring region of the unbounded 
domain in the knot projection. 



Example: The rewriting system 3?' for the eight knot group 

t 2 — > ii«4 t 3 — > t 2 S5 t\ — > £385 S4ti — ■> t2^5 
54^2 — *■ tl Srjts — ► t 2 ^5^1 — * ^3 s 4^2 ~~ > tl$5 

£ 2 tl — > «4 t 3 t 2 M3 ~ ► «5 S 5 t 2 — > tlSl 

Sj#l — > t 2 S 4 

s;s~^l « = 0, 4, 5 s^Si -> 1 i = 0,4,5 

UU^l i = 1,2,3 *&->l i = 1,2,3 
Note that 3?' is not complete. As an example, the word £3 t 2 h reduces 

to two different irreducible words J^ti and £354. 
3.2. Properties of 3?'. 

Claim 3.3. If there is a relator r m : Ob <£ Ob j Ob Ob 1 %Tii the augmented Dehn 
presentation of an alternating knot group, then there are 1 < k', I' < n 
such that there is also the relator r m i : Xk'XjXiXy. 

Proof. Since the knot is alternating and we have r m : XiXjXkXi, then 
we have necessarily in the knot projection the situation described in 
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Fig. 4. This means that there is also the relation r m / : xyx^XiXy (or its 
cyclic permutation r m / : XiX^Jxyx]) □ 

(h,j,k) '■ U tjSk 
Claim 3.4. // the set $ m : (2 lJik ) : s k Ti — > tj is in 3?' then 

(3i,j,k) '■ U tj — > s fe 

— # 

(3j,z',fc'J : tj tz' — > sy 

Proof. It follows from claim 13.31 , where $ m and <3> m / are the sets of 
rules in 3?' corresponding to r m and r TO / respectively. □ 

3.3. Definition of an ordering on the words in (X U X)*. By 
abuse of notation, we denote also by X U X the union of the set of 
sinks and the set of sources, i.e the set of generators and their inverses 
after their renaming. We write a non-empty word w in (X U X)*, 
w = SitiS2t2--SktkSk+i, with S{ a sequence of sources siS2-.s ni such 
that the length of Si (i.e the number of occurrences of s), denoted by 
rij, satisfies < < £(w) for 1 < % < k + 1. 

We will define an ordering on the words in (X U X)* in the following 
way. Let > denote the usual ordering on the nonnegative integers and 
let >i ex denote the lexicographic ordering from the left on 4— tuples of 
nonnegative integers, induced by >. Define 

Vi(w) to be the number of occurrences of sinks with positive and neg- 
ative exponent (the number of t) in w. It holds that V\(w) < £(w). 
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V2(w) to be the number of occurrences of sinks with positive exponent 
in w, but only those sinks which are connected by an edge to Wq in the 
antipath A which defines 3ft. These generators correspond in fact to 
neighbouring regions of the unbounded region (xq) in the knot projec- 
tion. It holds that V 2 (w) < i(w). 

It holds that V 3 (w) < 2 2k £(w). 
Vi{w) to be £(w), the length of w. 

V(w) = (V 1 (w),V 2 (w),V 3 (w),V 4 (w)) 

Observe that V(w) > (0, 0, 0, 0) for every non-empty word w. Define 
w > w' if and only if V(w) >i ex V{w') 

Example: Computation of V(t 2 ) and V{t-is 4 ) It holds that Vi(t 2 ) = 
V^hst) = 1 but V 2 (t 2 ) = 1 and V 2 (hs 4 ) = 0. So, V{t 2 ) > lex V(hs 4 ). 

4. Definition of an equivalent rewriting system 3ft" 

(h,j,k) '■ U — > tjS k 0-j,l',k') '■ tj — > ti'S k / 

Lemma 4.1. ^ssnme : (2^- fc ) : -> t j and <f m , : (2,. ,, jfc/ ) : Sfc ,fT _> t,, 

(3/j,fc) : ijij — * Sk (3j,i',fe') : — ► «fe' 

are in 3ft'. Tnen the rule (4)sfcfy — > t;S/7 is obtained from the equiva- 
lence relation generated by rules of kind (3). 

Proof. We have ty = ti tj ty = ti using first the equivalence re- 
lation generated by (3^-^) and then by (3^/^/). In order to orientate 
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this relation, we use the ordering defined above: V(sfcfy) = (1,0, 1,2) 
and V(ti~sy) = (1,0,0,2). So we have s^fy — > s^7. □ 

Remark 4.2. Adding the rule (4)sfcfy — > s^7 to 3?' rail resolve the 
critical pairs resulting from the overlapping of the rules (\j,k) an d 

Example: In the rewriting system 3?' for the figure-eight knot group 
we have the following two rules of kind (3): T2 xl — > ~xi and T\Ti — > xj;. 
The rule of kind (4) obtained from the equivalence relation generated 
by these two rules is then: — > rr^ #5. 

(h,j,k) '■ h — * *j s fc _ 
Lemma 4.3. Assume <P m : (2^) : s k ti — > and 

(\j,k) ■ U tj -> _ 

\0)S m 'tp > tiS m 

are in 3?'. Tnen Ine rale (5)s^tj — > t p s m i~Sk is obtained from the equiv- 
alence relation generated by (\j,k) an d (/?)■ Further, rule (7) can &e 
derived using the rule (5). 

Proof. We have t p s m i~s~k = t p s m ditj = t p t p s^tj = ~s^tj , using first 
the equivalence relation generated by (3^-^) and then by (/3) and (0). 
In order to orientate this relation, we use the ordering defined above: 
V(J^tj) = (1, 0, 1, 2) and V(i p Sm' It) = (1, 0, 0, 3). So, we have s^t,- — > 
t p s m / sit. Further, we have s m ti ► s m tjS^ > t p s m i s^sj^ ► t p s m i by 
using rules (l/,j, fc ), (5) and (0). □ 

Remark 4.4. Adding the rule (5)s^tj — >■ t p s m r~s~k to 3?' will resolve the 

critical pairs resulting from the overlapping of the rules (3^) and /3 

and /rom Ine inclusion ambiguity of rule (h,j,k) an d 7- Additionally, 
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removing the rule 7 from 3ft' and replacing it by (5) implies that t\ 
cannot appear in the left-hand side of any rule except in (l/j^). 

Example: In the rewriting system 3ft' for the figure-eight knot group 
we have the two following rules of kind (3) and (/3) respectively: X2X1 — > 
X4 and X5X2 — > X1X4. The rule of kind (5) obtained from the equivalence 
relation generated by these two rules is then: X4 xl — > 37x5X4. 

Proposition 4.5. Assume that 3ft 7 is the union of the following sets of 
rules: 





4>m 


4>m' 


(o;)s m tp > tis m ' 

(/3)s m 't; > tpS m 
(.'y'jSmtl ^ tpS m i 
\p)^m'tp * tiS m 


(l/,i,fc) : ^ — *■ ^' s fc 

(2j,j,fc) : Sfct; — > tj 

(3ij,fc) : t; ^ — > Sk 


(Ijj'.fe') : tj — > t/'S fc ' 
(2j,i',fc') : Sfc/tj — >■ t// 
(%,Z',fc') : tj tp — > 



Let 3ft" 6e the rewriting system obtained by adding to 3ft' t/ie ra/es 
(4)s^t r ^tiJ^ and (5)s^tj -> t p s m / replacing (a) by (a') : s m t p -> 
tjSfcS^" and (2j > ; i fc) fry (2^ Jfc ) : s^t; — > t^s^/ and removing (7). ITiat 
means that 3ft" is t/ie union of the following sets of rules: 





4>m 


4>m' 


(pt )s m tp > tjSkS m ' 
\P)Sm'tl tpS m 
yOj^m'tp ^ tiS m 


(l|J,k) : ^ — * ^' s fc 
( 2 ii,fe) : s ^ -> t^Sfe' 
(3|j,fc) : U tj — > Sfc 


0-j,l',k') : *j — ► 
(2j,z',fc') : s fe /tj — >■ t^/ 

(3j,/',fc') : £j ^' — * s k' 


(5) . s m tj > tpS m ' Sk 


(4) : s£ty tjsjy 





Then the rewriting system 3ft" is equivalent to 3ft' and is reduced. 



Proof. From lemmas I4~T1 and I4T31 the rules (4) and (5) are obtained from 
the equivalence relation generated by the rules in 3ft'. (a/) and (2^ k ) 
are obtained by reducing the right-hand side of (a) and (2^^) using 
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the rule (ly,fc) and (7) can be derived using (5). So, 3ft" is equivalent 
to 3ft'. 3ft" is reduced since the right-hand sides of the rules in 3?" have 
been reduced and the rules (of kind 7) for which the left-hand side 
contains a subword which is the left-hand side of an other rule have 
been removed. □ 

Remark 4.6. // additionally there is a rule of kind (1) which has t p 
as left-hand side then the rule (5) is replaced by a rule of kind (5) and 
we replace (/?) by {[3') in which the right-hand side is reduced. 

Example: The rewriting system 3ft" for the figure-eight knot 



£3 — > t 2 s b t x — > t 3 s 5 s 4 ti — > 

suh — > tiS 4 S 5 t! — > t 2 s 5 slti — > tiS 5 Si 

t 3 t 2 ^J^ M3 — > «5 s 5 t 2 — > t 3 s 5 sl 

$5 t 2 — > t\ S5 Ss^l - ^3 S 4 S$t 3 — > t 2 S 4 S5 

i = 0,4,5 s~iSi -»• 1 i = 0,4, 5 

i=l,2,3 UU^l i = l,2,3 



Note that Ssti — > t 2 s 4 and ~s~lt 2 — ¥ ti s 5 (hi the fourth set of rules) have 
been replaced by the rules of kind (5), S5 £3 — » £2^455 and I4 1\ — > tis^s^ 
respectively. The rewriting system 3ft" for the trefoil knot group is: 

3ft" = {Xi — > XiX 3 ,X 3 ~X~[ — > X^X 3 ,Xi~Xi — > Xi} U {x 2 — ► xrX3,X 3 X2" — ► 
X4"X 3 ,X2"XI — > ~X~3~} U {x 4 — > X^X 3 ,X 3 Xl — > £7x 3 ,24~X^ — ► ^i} U {xi^J — > 

scT T3, x^Xi —> X4X3, — > X2 23} U {xjXi — > l,XiXi — > 1, /orO < i < 
4} (see [2] for notation) Note that for the trefoil knot there are no rules 
of kind a, j3, 7, 5 and (5) since all the regions have an edge in common 
with the unbounded region xq. 



group 




t 2 -> 


tiS A 


s A t 2 - 






-> sj 


S4 1 3 - 


^2 




-> 1 




-> 1 



IS 



The rewriting system dt" is complete and this is what we will show in 
a more general context in the following. 

5. COMPLETENESS OF THE REWRITING SYSTEM 3R" 

5.1. Termination of the rewriting system 9?". As before, we will 
use the following notation: t denotes a sink in the antipath A with 
positive or negative exponent, t + denotes a sink with positive exponent 
which is connected by an edge to Tq in the antipath A. s denotes 
a source in A with positive or negative exponent and Si a sequence 

SiS2--S ni . 

We will show that we can divide schematically all the rules in 9£" 

(A) st -> tss 

(B) st -> ts 

(except rules of kind (0)) in the following four classes: 

(C) t+^ts 

(D) tt -> s 

Note that the s, t occurring in one side of a relation are different from 
the s, t in the other side, although we use the same letters. 

Lemma 5.1. Each rule inW belongs to one of the classes (A),(B),(C) 
or (D) described above. 

Proof. The rules of kind (5), a' and f3' belong to the class (A). The rules 
of kind (2'), (4) and a, f3, 7, S belong to class (B). The rules of kind (1) 
belong to class (C)and the rules of kind (3) belong to class (D). □ 

Lemma 5.2. In if a specific t + occurs in a rule from class (C), 
then the same t + cannot occur in any other rule, except in rules of kind 
(0). 
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Proof. From proposition 14. 5[ we have that dt" is reduced, so a t + which 
occurs in a rule from class (C) cannot occur in the right-hand side of 
any rule. From the description of the rules in 3?' and 3?" in proposition 
14.51 we have that a t with positive exponent sign can occur only in rules 
of kind (1), 7, 5 and (0), i.e in rules from class (C) or (B) respectively. 
Now, if there is a t with positive exponent sign, denoted by ti for 
1 < I < n, which occurs both in a rule of kind (1) and in a rule of kind 
(7), then in the construction of dt" the rule of kind (7) has been replaced 
by a rule of kind (5) in which there is no t with positive exponent sign. 
The same argument holds if if there is a t with positive exponent sign 
which occurs both in a rule of kind (1) and in a rule of kind (5), since 
(7) and (5) have the same form (see proposition 14.51) . □ 

Lemma 5.3. Let w = S\tiS2t2--Sktk be a non-empty word in (XUX)* , 
with Si a sequence of sources such that the length of Si, £(Si), satisfies 
< £(Si) < £(w) for 1 < i < k. Then the application of any rule 
in 3?" on w leads to one of the following three cases for the "t" which 
participated in the left-hand side of the rule: 

1. t moves one step to the left and there is at most one source added 
to w. 

2. t stays at the same place and there is one source added to w. 

3. t disappears and there is at most one source added to w. In fact, 
each application of a rule from class (D) or of kind tt — > 1 or tt — > 1 
on w reduces the number of"t" by 2. 

Proof. The first case occurs when a rule from class (A) or (B) is applied, 

the second case when a rule from class (C) and the last case when a 

rule from class (D) or a rule of kind (0) is applied. □ 
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Theorem 5.4. The rewriting system 3?" is terminating. 

Proof. Let w = SitxS2t2--SktkSk+i be a word in (X U X)*, with < 
Hi < £(w) for 1 < i < k + 1. We will show that after the application of 
any rule from 9ft" on w, we obtain a word w/ such that V(w') <i ex V(w). 
We denote w' = S[t' 1 S 2 t 2 ..S' k t' k S' k+1 where £(50 = n< for 1 < i < k + 1. 

If a rule from class (D) is applied on u>, then Vi(w') = V\(w) — 2 since 
each single application of a rule from class (D) on a word u> reduces 
the number of "t" by 2. This implies that V(w') <i ex V(w). The same 
holds for all the rules of kind (0): tt — > 1 and tt — > 1. 

If a rule from class (C) is applied on w, then V\{w) = V\{w') since the 
number of occurrences of t does not change but Vz(w') = V2(w) — 1. 
This is due to the fact that the t + on which the rule is applied is counted 
in V2(w) (see remark ET2l . So, V(w r ) <i ex V{w). 

From lemma 15.31 each application of a rule from class (A), (B) on 
w keeps the number of "t" the same, so V\{w) = V\{w'). Moreover, 
the "t + " which are counted in V^w) cannot appear in the left-hand 
side, nor in the right-hand side of any rule from class (A),(B), so 
V 2 {w) = V 2 (w'). 

First, assume a rule from class (A) is applied on w and let denote by t p 
(1 < p < k) the t on which the rule is applied. So, it holds that n! i = ni 
for % ^ p, p + 1, n' p — rip — 1 and n' p+1 = n p+ i + 2. The computation of 
V 3 (w') gives the following: 

Ei=k— p— 1 c\i i , r^j'=i \--yi=k— j c\% i \~ y j = P~ 1 ^~-^i=k— j c\i ,\--\i=k—p r\i 
i=0 A n p+l + Z^j=p+2 2^i=0 Z n j — Z^j=l Z^i=0 2 n j + Z^i=0 2 
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i)+E-=r p " 1 2 i K + i+2)+Eg +2 E-=r j 2^ = v s (w)-i(y£F*)+ 

2(E£5~ P_1 2 i ) = V 3 (w)-2 fc -P+l(E;:r P_1 2 t ) = \/ 3 ( w )-2 fe ~P+(2 fc -P- 
l)/(2 - 1) = V 3 (w) - 1 

So, V^u*') < V^w), which implies that V{w') <i ex V(w). 

Next, assume a rule from class (B) is applied on w and let denote by t p 
(1 <p < k) the t on which the rule is applied. So, it holds that n! i = 
for i ^ p,p + 1, rip = n p — 1 and n^ +1 = n p+1 + 1. The computation of 
V 3 (w') gives the following: 

vs(w) = e^e:=s~ j 2s = ^(^)-i(e:=s~ p 20+i(e:=;- p " 1 2 i ) = 

V 3 (w) - 2 k ~ p 

So, V 3 (w') < V 3 (w), which implies that V(w') <\ ex V(w). 

At last, if a rule of kind ss — > 1 or Is — > 1 is applied on u>, then 
Vi(u/) = Vi(w), V 2 (w') = V 2 (w), since the number of occurrences of t 
of any kind does not change. In order to compare V 3 (w) and V 3 (w'), 
we have to check several cases. 

Assume there is at least one occurrence of f in to. If there is no 
occurrence of t at the right of the subword on which a rule of kind 
ss — > 1 or ss — > 1 is applied, i.e ss or ss is a subword of Sk+i, then 
V 3 (w') = V 3 (w), since the computation of V 3 (w) does not take into 
account rik+i, the length of Sk+i- At last, V\{w') = V±{w) — 2, which 
implies V(w') <i ex V(w). 
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Otherwise, if there is an occurrence of t, denoted by t p , at the right of 
the subword on which a rule of kind ss — > 1 or ss — > 1 is applied, then 
V 3 (w') is not the same as V 3 (w), since n' p = n p — 2 and p 7^ fc+ 1. The 
computation of V^-u/) gives the following: 

v 3 (w>) = EC?E3" j 2S = W - 2(E:3p2*) 

So, V3 (it/) < V 3 (w), which implies that V(w') <i ex V(w). 

Assume there is no occurrence of t in w, then w — S±. Since the ap- 
plication of a rule of kind ss — > 1 or ss — > 1 reduces the length of Si 
by 2, we have that = rii — 2. The computation of V 3 {w') gives the 
following: 

W) = Ej=i E;3" J 2*n$ = ni = m - 2 = %) - 2 

So, < ie:c v». 

So, we have that after the application of any rule from dt" on w, we 
obtain a word w' which satisfies V(w') <\ ex V(w) and this implies that 
3ft" is terminating . □ 

5.2. The main result: Completeness of the rewriting system 
3ft". 

Theorem 5.5. The rewriting system 3?" is finite and complete. 

Proof. 3?" is terminating so it remains to show that 3ft" is locally conflu- 
ent, i.e that all the critical pairs, obtained from overlappings between 
rules and from inclusion ambiguities of some rules in other rules, re- 
solve with no addition of new rules. This is done in the lemmas in the 
next section, since the arguments used there are mostly technical. □ 
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The sets of rules in dt" are described in the lemmas 14.11 and 14.31 In the 
following table we will give the list of critical pairs we have to check, 
where "-" means that there is nothing to check and "a/" means that 
there is an overlapping/inclusion which is checked. A "a/" at row i 
column j means that there is an overlapping of a rule of kind i with a 
rule of kind j, where the rule of kind i is at left and the rule of kind j is 
at right. As an example, inclusion ambiguities occur only between rules 
of kind (1) and rules of kind (0). There can be no overlapping between 
the rules of kind (2'), (4), (5), a', [3 and 5, since in their left-hand side 
the first letter is some "s" and the last letter is some "t" . 








1 


2' 


3 


4 


5 


a' 


p 


5 







V 


V 


V 


V 


V 


V 


V 


V 


1 


V 


















2' 


V 


















3 




















4 




















5 








V 












a' 




















P 


V 


















5 





















5.3. Locally confluence of dt". 

Lemma 5.6. Critical pairs resulting from inclusion ambiguity of rule 
(1) and rule (0) resolve. 
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UU and UU 
(1) / \ (0) (1) / \ 

tjSkti 1 titjSk 1 

Proof. I (2') | (3) □ 

tjti'Sk' Sk'Sk' 

I (3) 

Lemma 5.7. Critical pairs resulting from overlapping between rule (0) 
and rule (2') resolve. 

SktiU and s^s k t t 

(2') / \ (0) (2') / \ 

tl'Sk'ti Sk Skti'Sk' t\ 

Proof. I (1) | (4) □ 

U'Sk'tjSk ti~S~k>S k / <^-> 

I (2) 
tyti'Sk 

Lemma 5.8. Critical pairs resulting from overlapping between rule (0) 
and rw/e (3) resolve. 

titi tj and ti tjtj 

(3) / \ (0) (3) / \ 

h s k tj s ktj ti 

Proof I (1) I (1) □ 

tjSk'Sk Skti'Sk' 

i (0) I (4) 

tj <^-> UTySk' 

Lemma 5.9. Critical pairs resulting from overlapping between rule (0) 
and ra/e (4) resolve. 
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s k s k t v and s k ti>t v 

(4) / \ (0) (4) / \ 

Proof. I (2') | (1) □ 

(0) I (4) 

tl tj J^Sq* ^ (3) 



Lemma 5.10. Critical pairs resulting from overlapping between rule 
(0) and rule (5) resolve. 



SmSmtj and s m tjtj 

(5) / \ (0) (5) / \ 

Sm,tpS m 'Sk tj tpSmiSfctj S m 

i («') I (1) 

Proof. TjSkS^Sm' 

I (4) 

tpS m 'ti Sfc7Sfc/ 

I (0), (3) 



tptpS m 



□ 



Lemma 5.11. Critical pairs resulting from overlapping between rule 
(0) and rule (a') resolve. 
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(«') / \ (0) (a') / \ 

tjS^S m itp S m S m tjSi i S. m i tp 

i (*) | (5) 

Pro °f- t~ jSk TiS m T p s 

I (2') 

i (3) 

□ 



Lemma 5.12. Critical pairs resulting from overlapping between rule 
(0) and rule resolve. 



s rn diti and s m /s m di 

iP) / \ (0) 09) / \ (0) 

tpS m ti S m i S m itpS m t\ 

Proof. i (1) | (5) 

tpS m tjSk tiS m S m 

i (5) 

tptpS m >SkSk c > 

□ 



Lemma 5.13. Critical pairs resulting from overlapping between rule 
(0) and rule (5) resolve. 
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Sfyi'Sfyi'tp CLTld Sm'^p^p 

(S) / \ (0) (5) / \ 

S-m'tlSm tp t\ S m tp S m i 

Proof. [ (f3) | («') □ 

tpS m S m c * ^Z tjSkS m i 

I (3) 

Lemma 5.14. Critical pairs resulting from overlapping between rule 
(2') and rule (3) resolve. 

S k ti tj 

(2') / \ (3) 

tl'Sk'tj SfcSfc 

Proof. □ 
I (2) I 

iz'^z' ^ 1 



Lemma 5.15. Critical pairs resulting from overlapping between rule 
(3) and rule (3) resolve. 

t\ tj ty 

(3) / \ (3) 

Proof, ^ ^ □ 

(4) 



Lemma 5.16. Critical pairs resulting from overlapping between rule 
(5) and rule (3) resolve. 
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(5) / \ (3) 

Proof. I (4) □ 

I (/?) 

tptpS m Sfei c > 

Lemma 5.17. Critical pairs resulting from overlapping between rule 
(P) and rule (3) resolve. 



W) / \ (3) 

Proof. □ 
I (5) 

tptpS m > Sfc c > 



Using the same argument as in claim l3~4l we obtain that if <3> m / is in dt' 
then the set of rules <3> m » is also in 3ft', where $ m » is: {2 V „ „/) : svi^ — > £q 

(3/',g,q') : tl' tq ~ > V 

and the following rule of kind (4) :~s~k>t q -^tj~s q ~; is added to K'. 



Lemma 5.18. Critical pairs resulting from overlapping between rule 
(4) and rule (3) resolve. 
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(4) / \ (3) 

tiSfrtg SfcV 

Proof. □ 
I (4) 

tl tj S q i <^-> 

(3) 
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